The aim of this paper is to show that fermion and boson random point processes naturally appear from representations of CAR and CCR which correspond to gauge invariant generalized free states (also called quasi-free states). We consider particle density operators ρ(x), x ∈ R d , in the representation of CAR describing an infinite free Fermi gas of finite density at both zero and finite temperature [5] , and in the representation of CCR describing an infinite free Bose gas at finite temperature [4] . We prove that the spectral measure of the smeared operators ρ(f ) = dx f (x)ρ(x) (i.e., the measure µ which allows to realize the ρ(f )'s as multiplication operators by ·, f in L 2 (dµ)) is a well-known fermion, resp. boson measure on the space of all locally finite configurations in R d .
Introduction
The nonrelativistic quantum mechanics of many identical particles may be described by means of a field ψ(x), x ∈ R d , satisfying either canonical commutation relations (CCR) and describing bosons, or satisfying canonical anticommutation relations (CAR) and describing fermions. The statistics of the system is thus determined by the algebra which is to be represented.
In the formulation of nonrelativistic quantum mechanics in terms of particle densities and currents, one defines independently of whether one starts with CAR or CCR. Thus, in a nonrelativistic current theory, the particle statistics is not determined by a choice of an equal-time algebra, but instead may be determined by the choice of a representation of the algebra, see e.g. [14, 16, 18] and the references therein. Since the operators ρ(f ) and J(v) are generally speaking unbounded, one usually starts with study of the group G obtained by exponentiating the algebra g generated by commutation relations (1.2). The group G is the semidirect product S(R d ) ∧ Diff(R d ), where S(R d ) is Schwartz's space of rapidly decreasing functions on R d and Diff(R d ) is a certain group of diffeomorphisms of R d . Due to physical interpretation, the currents ρ(f ) and J(v) (and the group G) can be taken as fundamental structures of quantum mechanics.
In [17] (see also [40, 1, 2] ), Goldin et al. studied the case of an infinite free Bose gas at zero temperature in the formalism of local current algebras. For each average particle density ρ > 0, the authors constructed a cyclic representation of the group G and the algebra g on the space L 2 (Γ R d ; π ρ ). Here, Γ R d denotes the space of all locally finite configurations in R d , and π ρ is the Poisson measure with intensity ρ dx. The construction of the representation was first done using the "N/V limit" procedure, and then it was shown that the obtained representation is unitarily equivalent to the representation in the symmetric Fock space F s (L 2 (R d )) in which the operators ρ(x), J(x) are defined by formula (1.1) with
Here, ψ F (x), ψ * F (x) are the standard annihilation and creation operators in the Fock space, respectively. The unitary equivalence I between the representations in F s (L 2 (R d )) and in L 2 (Γ R d ; π ρ ) was given through the formulas IΩ = 1 (Ω being the vacuum vector in F s (L 2 (R d ))) and Iρ(f )I −1 = ·, f ·, where ·, f · denotes the operator of multiplication by the function ·, f . Notice that Ω is a cyclic vector for the smaller family of operators (ρ(f )) f ∈S(R d ) (i.e., without the J(v)'s). Thus, the Poisson measure π ρ describes the particle distribution of an infinite free Bose gas at zero temperature and with nonzero constant average density ρ. The π ρ can be also thought of as the spectral measure of the family (ρ(f )) f ∈S(R d ) (cf. [10, Ch. 3] and [21, 9] ).
In fact, it was in Araki and Woods' paper [4] dealing with representations of CCR that the operators (1.3) first appeared in the description of an infinite free Bose gas at zero temperature.
In [25, 26] , carrying out the "N/V limit" procedure, Menikoff identified the generating functional of a cyclic representation of the current algebra describing an infinite free Fermi gas at zero temperature. He also showed that the subspace H a of the representation defined as the closed linear span of the vectors ρ(f 1 ) · · · ρ(f n )Ψ, where f 1 , . . . , f n ∈ S(R d ) and Ψ is the cyclic vector of the algebra g, can be realized as the space L 2 (Γ R d ; µ), so that the ρ(f )'s become the operators ·, f ·. Here, µ is the probability measure on Γ R d whose correlation functions (k
where κ is (2π) −d/2 times the inverse Fourier transform of the indicator of a ball in R d centered at the origin. However, Menikoff did not discuss a possibility of realization of the obtained representation using the Fock space formalism.
When studying statistical properties of a chaotic beam of fermions by using wavepacket formalism, Benard and Macchi [7] arrived at measures on the configuration space over a bounded volume whose correlation functions are given by a formula of type (1.4). In [23, 24] , Macchi called a measure on the configuration space a fermion process if the respective correlation functions are given by (1.4) in which κ(x − y) is a non-negative definite function. She gave sufficient conditions for the existence of such a measure. Fermion process (also called determinantal random point fields) are often met with in random matrix theory, probability theory, representation theory, and ergodic theory. We refer to the paper [36] containing an exposition of recent as well as sufficiently old results on the subject. Scaling limits of fermion point processes are proved in [39, 37, 38] . We also refer to the recent papers [34, 35] for a discussion of different problems connected with fermion processes on the configuration space over the lattice Z d . In a parallel way, a boson process was defined and studied in [22, 7, 23] . This process is defined as a probability measure ν on Γ R d whose correlation functions are given by k
, where κ(x − y) is again a non-negative definite function and the permanent per A of a matrix A contains the same terms as the corresponding determinant det A but with constant positive signs for each product of matrix elements in place of the alternating positive and negative signs of the determinant. It should be mentioned that any fermion process is a Cox process, i.e., a Poisson process with a random intensity measure, see [13, Sec. 8.5] .
The aim of this paper is to show a connection between representations of CAR, resp. CCR describing infinite Fermi, resp. Bose gases of finite density and the fermion, resp. boson random point processes.
In Section 2, we recall Araki and Wyss' representations of CAR in the the antisymmetric Fock space that describes infinite free Fermi gases at both finite and zero temperature [5] , and Araki and Woods' representation of CCR in the symmetric Fock space that describes an infinite free Bose gas at finite temperature [4] .
In Section 3, we show that the corresponding density particle operators are welldefined and form a family (ρ(f )) f ∈S(R d ) of commuting selfadjoint operators. Then, we introduce the space H ♯ (♯ =a in the fermionic case and ♯ =s in the bosonic case) as the closed linear span of the vectors of the form ρ(f 1 ) · · · ρ(f n )Ω. Restricted to this space, (ρ(f )) f ∈S(R d ) evidently becomes a cyclic family. Using the spectral theory of cyclic families of commuting selfadjoint operators [32, 10] , we then show that there exist a unique probability measure µ ♯ on S ′ (R d )-the Schwartz space of tempered distributions-and a unitary operator
Next, we introduce an operator field : ρ(x 1 ) · · · ρ(x n ) : via a recurrence relation, and prove that
where ψ(x), ψ * (x) are the "creation" and "annihilation" operators by means of which we constructed ρ(x). Thus, : ρ(x 1 ) · · · ρ(x n ) : is nothing but a normal (Wick) product of ρ(x 1 ), . . . , ρ(x n ). Using this and results of [11] , we explicitly calculate the correlation functions of µ ♯ . This enables us, first, to show that µ ♯ is concentrated on the configuration space Γ R d , and second, to identify µ a as a fermion process, and µ s as a boson process. In particular, starting from the representation of CAR [5] corresponding to an infinite free Fermi gas at zero temperature, we arrive at the the same probability measure µ a as Menikoff did in [26] .
Thus, the Poisson measures and the boson processes describe the particle distribution of an infinite free Bose gas at zero and finite temperature, respectively, while the fermion processes describe the particle distribution of an infinite free Fermi gas (of finite density) at both zero and finite temperature .
Furthermore, the constructed unitary isomorphism between the spaces H ♯ and 2 Infinite free Fermi and Bose gases of finite density
We first recall the construction of a cyclic representation of CAR whose state (constructed with respect to the cyclic vector) is a gauge invariant generalized free state.
This representation is due to Araki and Wyss [5] . Generalized free states were first defined and studied by Shale and Stinespring [33] . Since that generalized free states (also called quasi-free states) have been studied by several authors, see e.g. [6, 28, 15, 31, 3, 29] and the references therein. Let H be a separable real Hilbert space and let H C denote its complexification. We suppose that the scalar product in H C , denoted by (·, ·) H C , is antilinear in the first dot and linear in the second one. Let
denote the antisymmetric Fock space over H. Here,
We endow F a, fin (H) with the topology of the topological direct sum of the spaces F (n) a (H). Thus, the convergence in F a, fin (H) means uniform finiteness and coordinate-wise convergence.
For f ∈ H, we denote by a(f ) and a * (f ) the standard annihilation and creation operators on F a (H). They are defined on the domain F a, fin (H) through the formula
where h 1 , · · · , h n ∈ H C andȟ i denotes the absence of h i . The operator a * (f ) is the restriction to F a, fin (H) of the adjoint of a(f ) in F a (H), and both a(f ) and a * (f ) act continuously on F a, fin (H). The annihilation and creation operators satisfy CAR:
Let K be a linear operator in H such that 0 0 0 ≤ K ≤ 1 1 1. We take the direct sum H ⊕ H of two copies of the Hilbert space H, and construct the antisymmetric Fock space F a (H ⊕ H). For f ∈ H, we denote a 1 (f ):=a(f, 0), a 2 (f ):=a(0, f ) and analogously a * i (f ), i = 1, 2. Let also
We then set
As easily seen, the operators {ψ(f ), ψ * (f ) | f ∈ H} again satisfy CAR. Let H i denote the closure of Im K i in H, i = 1, 2. Then, restricted to the subspace F a (H 1 ⊕ H 2 ), the operators {ψ(f ), ψ * (f ) | f ∈ H} form a cyclic representation of CAR with cyclic vector Ω:=(1, 0, 0, . . . )-the vacuum in F a (H ⊕ H).
Let A a (H) denote the C * -algebra generated by the operators ψ(f ), f ∈ H, and let ω a be the state on A a (H) defined by
The n-point functions of ω a are given by the formula
. . , g m ∈ H. Thus, ω a is a gauge invariant generalized free state corresponding to the operator K. An analogous representation of CCR was constructed by Araki and Woods [4] (historically it preceded the representation of CAR [5] ). Let us outline it. In the symmetric Fock space over H, denoted by F s (H), we construct the standard annihilation and creation operators, b(f ) and b * (f ), which satisfy CCR:
for all f, g ∈ H. Let now K be a linear bounded operator in H such that K ≥ 0 0 0. We set
Analogously to (2.2), we define the following operators in F s (H ⊕ H):
for f ∈ H. These operators again satisfy CCR and form a cyclic representation of CCR in the Hilbert space
, where H i is the closure of Im K i in H, i = 1, 2. Let A s (H) denote the C * -algebra generated by the operators ϕ(f ), f ∈ H, and let ω s be the state on A s (H) defined by
The n-point functions of ω s are given by
We now proceed to consider an infinite free Fermi gas of finite density, which is a special case of representation (2.2). Let H:
and so
and the inverse Fourier transform by
, and F −1 is the inverse operator of F . Let k be the inverse Fourier transform of a functionk satisfying the following conditions:
Hence, k is real-valued and satisfies
where f · denotes the operator of multiplication by a function f . Using this K, we construct the operators ψ(f ), ψ * (f ) defined in the Fock space F a (H ⊕H) by formula (2.2). Notice that now
This representation of CAR describes an infinite free Fermi gas with density distributionk(·) in "momentum space" [5] , see also [15] . In particular, if β is the inverse temperature, µ the chemical potential, and m the mass of a particle, the corresponding infinite free Fermi gas is described bŷ
For the limit β → ∞ of zero temperature, we obtain
where B(r) denotes the ball in R d of radius r > 0 centered at the origin, and 1 1 1 X (·) denotes the indicator of a set X. Notice that, in the case of (2.7), we have H 1, C = H 2, C = H C , while in the case of (2.8)
We will now need a rigging of 
where
is the harmonic oscillator. We identify
with its dual and obtain
We recall that the Fourier transform F is a continuous bijection of
, and, extended by continuity, it is a continuous bijection of S
We set, for n ∈ Z + ,
Let F a, fin (Φ) denote the topological direct sum of the spaces F (n) a (Φ), n ∈ Z + . The dual of F a, fin(Φ) with respect to the zero space
the topological product of the spaces F (n) a (Φ ′ ). It consists of all sequences of the form
, and convergence in F * a, fin (Φ) means coordinatewise convergence. Thus, we have constructed the nuclear triple
where ·, · denotes the dual pairing. Then, for any f ∈ S(R d ),
Using formulas (2.1), we can easily define, for each (
, an annihilation operator a(f 1 , f 2 ) acting continuously on F a, fin (Φ), and a creation operator a * (f 1 , f 2 ) acting continuously on F * a, fin (Φ). Analogously to the above, we then introduce operators a i (f ) and a * i (f ), i = 1, 2, for each f ∈ S ′ (R d ). Taking to notice (2.10), we now set, for each
These operators act continuously from F a, fin (Φ) into F * a, fin (Φ), and we have the following integral representation:
The integration in (2.11) and below is to be understood in the following sense: for example, the first equality in (2.11) means:
The operators ψ(x), ψ * (x) satisfy CAR:
the formulas making sense after integration with test functions (in fact, the first formula in (2.12) holds even pointwisely). Now, let us briefly consider the bosonic case. Let H:=L 2 (R d ) and let k be the inverse Fourier transform of a functionk satisfying the following conditions:
We define K:=F −1k · F , and using this K, we construct the operators ϕ(f ), ϕ * (f ) defined on the symmetric Fock space F s (H ⊕ H) by formula (2.4). If we additionally suppose that
then the obtained representation of CCR describes an infinite free Bose gas at finite temperature and with density distributionk in "momentum space" [4] , see also [15] . Analogously to the above, we construct the triple
and using it, we make sense of the operators ϕ(x), ϕ * (x), x ∈ R d . These satisfy CCR:
3 Particle density operator and its spectral measure
We will again consider the fermionic case in detail, and then outline the bosonic case.
Fermionic case
We suppose that (2.6) holds. For each x ∈ R d , we define a particle density operator
, the operator ψ(x) acts continuously from F fin (Φ) into F fin (H ⊕ H), and ψ * (x) acts continuously from F fin (H ⊕ H) into F * fin (Φ). Therefore, ρ a (x) is a well-defined, continuous operator from F fin (Φ) into F * fin (Φ). We then define
Lemma 3.1 For each f ∈ S(R d ), the operator ρ a (f ) is well-defined and continuous on F a, fin (H ⊕ H).
Proof. 1. We first prove the statement for ρ a, 1 (f ):= R d dx f (x)a * 2 (κ 2,x )a * 1 (κ 1,x ). As easily seen, it suffices to show that
where ⊗ denotes the usual tensor product. For any g, h ∈ S(R d ), we have
where F 2d denotes the Fourier transform on L 2 C (R 2d ). By linearity and continuity, this implies
2. We now prove the statement for
For any g i , h i ∈ S C (R d ), i = 1, 2, we have
and therefore
Evidently A 2,f is continuous on H C ⊕ H C . For any linear continuous operator A on H C ⊕ H C , we define the second quantization of A, denoted by dΓ(A), as the operator in
dΓ(A) acts continuously on F a, fin (H ⊕ H).
Then, an easy calculation shows that ρ a, 2 (f ) = dΓ(A 2,f ). 3. Analogously, we get
(H ⊕ H) for each n ∈ Z + , and since
is its adjoint, we have that ρ a, 4 (f ) acts continuously from
a (H ⊕ H), and hence, continuously on F a, fin (H ⊕ H).
Using anticommutation relations (2.12), we easily prove the following
We define a Hilbert space H a as the closure of the linear span of the set
Remark 3.1 It is not hard to see that H a is a subspace of the space
where P a, 2n : (
∧2n is the antisymmetrization operator. Evidently, (3.4) is a subspace of F a (H 1 ⊕ H 2 ). Whether H a coincides with (3.4) or it is a proper subspace of it, is an open, important problem (see also Remark 3.3 below).
We next define H a, fin :=H a ∩ F a, fin (H ⊕ H), H a, fin being dense in H a . Let us consider the ρ a (f )'s as operators in H a with domain H a, fin .
Lemma 3.3 The operators
Proof. The operators are evidently symmetric. 
and moreover
for j = 1, . . . , 4 and some C 1 > 0. From here, it is not hard to show that, for every
Therefore, any vector from H a, fin is analytical for ρ a (f ). By e.g. [30, Th. X.39], the lemma follows.
We denote by ρ ∼ a (f ) the closure of ρ a (f ) in H a , which is a selfadjoint operator by Lemma 3.3. Proof. Since ρ a (f 1 ) is essentially selfadjoint, the set (ρ a (f 1 ) + i1 1 1)H a, fin is dense in  H a . Furthermore, (ρ a (f 1 ) + i1 1 1)H a, fin ⊂ H a, fin . Thus, by the proof of Lemma 3.3, the operator ρ a (f 1 ) ↾ (ρ a (f 1 ) + i1 1 1)H a, fin has a dense set of analytical vectors. Hence, the lemma follows from [10, Ch. 5, Th. 1.15].
Theorem 3.1 Let k be the inverse Fourier transform of a functionk satisfying (2.6). Let the Hilbert space H a and the operators ρ
, be defined as above. Then, there exist a unique probability measure µ a on (S
) and a unique unitary operator
; µ a ) such that I a Ω = 1 and the following formula holds
Remark 3.2 In terms of the spectral theory of commuting selfadjoint operators (e.g. [10, 32] ), Theorem 3.1 states that the family (ρ
). Furthermore, since the operators ρ a (f ) have a Jacobi type form in F a (H 1 ⊕ H 2 ), this result is close in spirit to [12, 21, 8] .
Proof of Theorem 3.1. Let (h k ) ∞ k=0 be the sequence of Hermite functions forming an orthonormal basis in L 2 (R d ) and let a k > 0 be the eigenvalue of the operator A (defined by (2.9)) belonging to the eigenvector h k , k ∈ Z + .
We denote by R ∞ :=R Z + the space of all sequences of the form x = (x 0 , x 1 , x 2 , . . . ), x k ∈ R, k ∈ Z + , and we endow R ∞ with the product topology. The Borel σ-algebra B(R ∞ ) coincides with the cylinder σ-algebra C σ (R ∞ ).
Lemma 3.5 There exist a unique probabilty measureμ a on (R ∞ , B(R ∞ )) and a unique unitary operatorĨ a :
where the series converges in each space S p (R d ), p ∈ N, and hence in S(R d ). Next, it follows from (3.5) that, for each fixed G ∈ H a, fin , the mapping
is continuous. Therefore, Ω is a cyclic vector for the family (ρ For each p ∈ N, we define the following measurable function on R ∞ :
Evidently, S −p , S ′ ∈ B(R ∞ ). By using the monotone convergence theorem and Lemma 3.5, we get 9) and since the inclusion
This yields thatμ
Let B(S ′ ) denote the trace σ-algebra of B(R ∞ ) on S ′ . By (3.11), we can consider µ a as a probability measure on (S ′ , B(S ′ )). Noticing that the mapping
is a measurable bijection, we define a probability measure µ a on (
, and a unitary operator
Setting I a :=UĨ a , we get a unitary operator acting from H a onto L 2 (S ′ (R d ); µ a ) such that I a Ω = 1 and
Furthermore, using the continuity of mapping (3.7), we easily conclude from (3.12) that (3.6) holds. Thus, the theorem is proved.
Our next aim is to calculate the correlation functions of the measure µ a . To this end, we introduce a normal product of operators ρ a (f 1 ), . . . , ρ a (f n ), where
, by the following recurrence relation:
:
Here, f i f j denotes the pointwise product of functions f i and f j . An equivalent form of (3.13) reads as follows:
: 14) which again makes sense after integration with test functions.
The following proposition justifies the name "normal product" for : ρ a (x 1 ) · · · ρ a (x n ) : (compare with [27, subsecs. 2.B and 2.C]). Proposition 3.1 We have, for n ∈ N,
Proof. We prove the lemma by induction. For n = 1, (3.15) holds by the definition of : ρ a (x) : . Suppose that (3.15) holds for some n ∈ N. Then, by the induction hypothesis, (2.12), and (3.14), we have
Proof. By Proposition 3.1,
Next, for any f, g ∈ S(R d ),
Hence,
Thus, (3.17)-(3.19) imply (3.16).
Following [11] (see also [20] ), for any f 1 , . . . , f n ∈ S(R d ), we define a Wick monomial :
) having all moments finite is said to have correlation functions
ν is a symmetric, a.e. finite function on (R d ) n satisfying
Proposition 3.3 The measure µ a has correlation functions, which are given by
Proof. By Theorem 3.1, we have, for any f 1 , . . . , f n ∈ S(R d ),
: Ω, and therefore (3.20) follows from Proposition 3.2.
The configuration space Γ R d over R d is defined as the set of all locally finite subsets (configurations) in R d :
Here, |X| denotes the cardinality of a set X. We can identify any γ ∈ Γ Proof. We evidently have
Hence, by [26, Corollary 3] and Proposition 3.3
∀(x 1 , . . . , x n ) ∈ (R d ) n , n ∈ N. By Theorem 3.2, µ a is a Fermion process [23, 13] , or a determinantal random point field in terms of [36] . formula (2.5) we show that µ s has correlation functions, which are given by the following formula:
µs (x 1 , . . . , x n ) = per(κ(x i − x j )) n i,j=1 , (x 1 , . . . , x n ) ∈ (R d ) n , n ∈ N, (3.23) where κ(x):=(2π) −d/2 k(x). Next, for every bounded Λ ∈ B(R d ), we evidently have the following estimate: By [22, 23] (see also [13] ), µ s is a fermion process.
